x1. Introduction Let f : E ! B be a bration with bre F over a connected space B. If where for simplicity X + denotes the suspension spectrum of the space obtained from X by adding a disjoint basepoint. One key property of (f) is the fact that the composite map f + (f) : B + ? ! B + induces a map on integral homology which is multiplication by the Euler characteristic (F ).
The purpose of this paper is to construct something like the transfer (f) in many cases in which F is not nite. Here are two examples. p is a prime number and that K (F; Z=p) is a nitely generated module over K (pt; Z=p) (K is complex K-theory). For instance, the space F might be B G for a nite group G. Then (2.15) there is a transfer map : K (B; Z=p) ? ! K (E; Z=p). The self map f of K (B; Z=p) is given by cap product with an element e(f) 2 K 0 (B; Z=p), such that the restriction of e(f) to K 0 (pt; Z=p) is K (F ) = rk Fp K 0 (F; Z=p) ? rk Fp K 1 (F; Z=p).
Our technique amounts essentially to observing that the basic idea of 3] or 5] works in much more generality than one might expect (see also 6] and 11, IV]). We use a trick involving the Kan-Thurston theorem 10] to sidestep some technicalities. The reader who wants a quick impression of the construction should read the rst few paragraphs of x5. Section 2 of the paper gives a description of the main results. Section 3 recalls some facts about the category of spectra, and x4 has a few remarks about group
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actions on spectra. The nal section contains most of the proofs. In the later sections it is important to work in a rigid category of spectra 8] 11] in which morphisms are geometric (not taken up to homotopy). We use the term \ring spectrum" however in a very weak sense; a ring spectrum R is a spectrum with a multiplication : R^R ? ! R which is associative and unital up to homotopy.
Unless otherwise clear from the context we assume that all spaces and spectra have the homotopy type of CW-objects or have been replaced by CW-approximations. The term \equivalence" stands for homotopy equivalence.
x2. Description of results
In this section we will work in Boardman's category S B of spectra 13] 1] so that maps are de ned up to homotopy and diagrams homotopy commute. If X and Y are spectra, let map(X; Y ) denote the spectrum of maps from X to Y (the small letters are meant to suggest that this spectrum is only de ned up to homotopy). The transfer will be constructed in x5 and the above properties proved there.
We will now discuss some results about R (f) that follow from these properties.
2.11 Proposition. Let 12 ], or mod p complex K-theory then F is R-small as long as (R^F + ) is nitely generated as a module over R. This follows from the Kunneth theorem for these theories 12, p. 175]; in fact, in all of these cases there are evident isomorphisms map(F + ; R^F + ) = H (F; R) R H (F; R) map(F + ; R)^F + = H (F; R) R H (F; R) derived from the fact that any R-module spectrum such as Map(F + ; R) or R^F + splits as a wedge of copies of suspensions of R 12, p. 176]. Let fe i g be a basis for H (F; R) over R and fe i g the dual basis for H (F; R). Then under the above isomorphisms the map i F;R sends e j e i to (?1) dim(ei) dim(ej) e j e i , the sign arising from the transposition T in formula (2.1). The map F;R from 2.9 represents the element P i e i e i . By direct calculation R (F ) is equal to
Generalizations. which has Naturality, Product, and Normalization properties analogous to the ones above.
2.18 Example. Let S be H Z=p, so that L S is the homological p-completion functor ({)p. Let R be L S S 0 = (S 0 )p. It is not hard to check that if F is a space with H (F; Z=p) nite, then F is R-small rel S. Note that in this instance for any space E the map E + ? ! R^E + induces an isomorphism on mod p homology and thus an equivalence L S E + ? ! L S (R^E + ). In particular, if f : E ? ! B is a bration which is R-small rel S, the transfer R;S (f) can be interpreted as a map B + ? ! L S (E + ). Applying the idempotent functor L S to this map gives the transfer map referred to in 1.1. The formula in 1.1 for the composite L S (f) can be obtained from 2.15 by using the evident map R ? ! S to relate R;S (f) to S (f) (cf. 2.7).
x3. Spectra We do not know how to prove the results in x2 by working in Boardman's category S B . Consequently, at this point we start again with Elmendorf's category S E of spectra 8]. In the rest of the paper the word \spectrum" denotes an object of S E and the unmodi ed phrase \map between spectra" denotes a genuine map in the sense of 8], not a homotopy class of maps. Each spectrum comes with an underlying \universe" 8, 2.1] and a map between spectra entails in particular a map between the corresponding universes 8, 2.14].
The category S E is a rigidi cation of S B but also contains some extra objects; these are the \spectra" indexed on nite-dimensional universes. For want of a better term we will refer to spectra indexed on in nite-dimensional universes as classic spectra. A map f : X ? ! Y of spectra is said to be an equivalence if all of the underlying maps of spaces f k : X k ? ! Y k 9, 2.14] are equivalences. If X and Y are classic spectra this corresponds to equivalence, i.e. isomorphism, in S B .
If X and Y are two spectra, let Map(X; Y ) denote the \function spectrum" H(X; Y ) de nied in 9]. The spectrum Map(X; Y ) has the weak homotopy type of a corresponding Boardman function spectrum map(X; Y ), at least if X is CW and Y is a classic spectrum 9, Th. 1]. 3.1 De nition. If U is a space, U + denotes the spectrum indexed on the trivial universe f0g which is obtained by adding a disjoint basepoint to U (cf. 8, 4.3]). The symbol S 0 denotes (pt) + . A spectrum X is supplemented if it is supplied with a map : S 0 ? ! X and augmented if it is supplied with a map : X ? ! S 0 .
Note that S E has a smash product construction \^" which is associative and commutative up to coherent natural equivalence; the object S 0 is a strict unit for this construction 8, 5.2] in the sense that if X is a spectrum there are natural isomorphisms S 0^X ? ! X ? X^S 0 . Remark. We will use the function spectrum construction Map(X; Y ) only in cases in which X = U + for a space U; in this case it agrees with the construction of 11, p. 17]. Similarly, unless we are working up to homotopy (i.e. in S B ) we will use the smash product construction X^Y only in cases in which one of the factors is U + for a space U; in this case it agrees with the construction of 11, p 16]. In all cases the maps of spectra below in x5 either have U + (U a space) in the domain or cover the identity map of universes; these are the maps of 11, p. 11]. What we are taking from 8] is mostly an emphasis on not working up to homotopy and the conceptual advantage of treating spaces as spectra indexed on the zero universe.
The rest of this section is a list of the properties of S E that are used in the remainder of the paper. 3.4 Lemma. If U is a space and R is an augmented spectrum, there is a natural map U;R : S 0 ? ! Map(U + ; R^U + ) which corresponds up to homotopy to the map U;R of 2.9. If G is the discrete group of homeomorphisms of U, then naturality here means in particular that U;R is equivariant with respect to the trivial action of G on S 0 and the conjugation action of G on Map(U + ; R^U + ). Proof. The map to pick is the one which corresponds under 3.3 to ^U + . 3.5 Lemma. Suppose that U is a space and R is a spectrum. Then there is a natural map Eval U;R : Map(U + ; R)^U + ? ! R of spectra. Naturality here means Following the notation of x2, if F is a space and R a spectrum we denote the map I(F; F; R) by I F;R .
Remark. The constructions of 3.6 and 3.5 are also functorial in the spectrum variable R (see 3.2).
3.7 Lemma. If A is a space there is a natural isomorphism of spectra (A A) + ? ! A +^A+ .
Proof. This is just an observation, since the category of spectra indexed on the trivial universe is isomorphic to the category of pointed spaces.
x4. G-spectra Let G be a discrete group. By a \G-spectrum" we mean an object X of S E together with an action of G on X, such that the induced action of G on the underlying universe of X is trivial. In the context of 11] this would be called a naive G-spectrum. If U is a G-space, then U + is a G-spectrum. A map X ? ! Y of G-spectra is by de nition an ordinary map of spectra which commutes with the action of G. We leave it to the reader to check that the elementary apparatus of equivariant stable homotopy theory 11, I, x1{5] applies as usual to these G-spectra even though G is not necessarily nite.
We Note that by functoriality of smash product, if X is a G-spectrum and Y is a G 0 -spectrum then X^Y is a G G 0 -spectrum. 4 .6 Lemma. Let X be a G-spectrum and Y a G 0 -spectrum, where G and G 0 are discrete groups. Let K = G G 0 . Then (X^Y ) h K is naturally homotopy equivalent to X h G^Yh G 0. In particular, if R is a spectrum on which G acts trivially, then (R^X) h G is naturally homotopy equivalent to R^(X h G ).
x5. Proofs Let R be a supplemented spectrum and f : E ? ! B an R-small bration. According to Kan the horizontal arrows become equivalences after stabilization. As a consequence, constructing a transfer map for f is equivalent to constructing one for f 0 . To exploit this idea we will construct the transfer in two stages; we rst construct a special transfer T R (f) for R-small brations f : E ? ! B in which B is of type K(G; 1), and then construct R (f) in general.
Construction of T R (f)
. Let R be a supplemented spectrum and let f : E ? ! B be an R-small bration, where B is of type K(G; 1). Pick a basepoint b 2 B, let G = 1 (B; b), and choose a basepoint-preserving map c : B ? ! B G = E G=G which induces the identity map on 1 . LetB denote the pullback of E G over c and let F denote the pullback ofB over f. Then F is equivalent to the bre of f, and there is an action of G on F such that F=G = E and such that the Borel construction F h G = (E G F)=G is equivalent to E. in which the middle squares commute up to homotopy by the naturality of the constructions, and the outer squares commute up to homotopy by 4.5, 4.6 and ordinary covering space theory. The horizontal composites from left to right (after inverting equivalences) give the transfer maps corresponding to the two choices of initial data, and it follows that these two maps agree.
5.2 Naturality of T R (f). We now prove the analogue of 2.6 for T R (f). We are now ready to give the proofs of the results from x2. Let Proof of 2.6. This is immediate consequence of 5.2. Proof of 2.10. By 5.5 it is possible to use any Kan-Thurston approximation to the one-point space in order to compute R (f). The identity map is such an approximation, and tracing this approximation through 5.1 gives the required formula. Proof of 2.8. By 5.5 it is possible to use the Kan-Thurston approximation B U :
a(B) a(U) ? ! B U in order to compute R (f) 0 . Let f 00 : E 0 ? ! a(B) a(U) be the pullback of f 0 over B U and, as in 5.1, let F 0 be the pullback over E 0 of the universal cover of a(B) a(U). Let E 1 be the pullback of f over B and F 1 the pullback over E 1 of the universal cover of a(B). Let F 2 be the universal cover of a(U). Then F 0 is homeomorphic as a (G G 0 )-space to F 1 F 2 . An easy veri cation shows that F 0 can be replaced without harm by F 1 in the process which is carried out in 5.1 in order to construct T R (f 00 ), and in addition that E G (G = 1 a(B) 1 a(U)) can be replaced by E G 1 (G 1 = 1 a(B) ). The desired result follows from 4.6.
Proof of 2.17. To proceed at all, it is crucial to note that the functor L S ({) can be lifted to a functor on the category S E ; see the last paragraph of x1 in 4] for this.
There are now two adjustments that have to be made in the discussions above, both in 5. to give the map R;S (f).
